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Fréchet tricks

Exponential trick

Weibull tricks

...

Sample from
p = (p1, . . . , pN)
tricks equivalent

Estimate
Z :=

∑N
j=1 p̃j

In discrete graphical
models, bound
L ≤ Z ≤ U

1



Lost Relatives of the Gumbel Trick

Competing
exponential

clocks
Gumbel trick
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Competing Exponential Clocks
N independent clocks started simultaneously:

∼ Exp(λ1) ∼ Exp(λ2)

· · ·

∼ Exp(λN)

1 Probability qi that clock i is the first to ring:

qi =
λi∑N
j=1 λj

=
p̃i∑N
j=1 p̃j

=
p̃i
Z

= pi

2 First time T when a clock rings:

T ∼ Exp(λ1 + · · ·+ λN)

= Exp(Z )

E[T ] =
1

λ1 + · · ·+ λN

=
1

Z
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Competing Exponential Clocks
Unnormalized probability mass function p̃ = (p̃1, . . . , p̃N) = (eθ1 , . . . , eθN ):

−ln( )− c
∼ θ1 + Gumbel(0)

−ln( )− c
∼ θ2 + Gumbel(0)

· · · −ln( )− c
∼ θN + Gumbel(0)

1 Probability qi of θ̃i being the maximal perturbed potential:

qi =
λi∑N
j=1 λj

=
p̃i∑N
j=1 p̃j

=
p̃i
Z

= pi

2 Maximal perturbed potential:

− lnT − c ∼ lnZ + Gumbel(0)

E[−lnT − c] = lnZ
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Generalizing the Gumbel trick

Recall:

Competing exponential clocks
− ln x−c−−−−−→ Gumbel trick

Exp(Z ) random var.
− ln x−c−−−−−→ lnZ + Gumbel(0) random var.

Estimator of
1

Z
− ln x−c−−−−−→ Estimator of lnZ

Unbiased estimator of lnZ :

l̂nZ =
1

M

M∑
m=1

Gm where G1, . . . ,GM
i.i.d.∼ Gumbel(lnZ )

Biased estimator of Z : Ẑ = exp l̂nZ .

How about applying different functions to the clocks?
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How about applying different functions to the clocks?

4



Example: Weibull tricks
Unnormalized probability mass function p̃ = (p̃1, . . . , p̃N):

( )α

∼ Exp(p̃1)

( )α

∼ Exp(p̃2)

· · ·

( )α

∼ Exp(p̃N)

1 Probability qi that clock i is the first to ring:
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Z
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2 First time T when a clock rings:
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Example: Weibull tricks
Unnormalized probability mass function p̃ = (p̃1, . . . , p̃N):

( )α
∼ 1

p̃α1
Weibull(1, 1

α)

( )α
∼ 1

p̃α2
Weibull(1, 1

α)

· · ·
( )α
∼ 1

p̃αN
Weibull(1, 1

α)

1 Probability qi of the minimum being at configuration i :

qi =
λi∑N
j=1 λj

=
p̃i∑N
j=1 p̃j

=
p̃i
Z

= pi

2 Transformed first ringing time:

Tα ∼ 1

Zα
Weibull(1,

1

α
)

E[Tα] = Z−αΓ(1 + α)
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Generalizing the Gumbel trick

Competing exponential clocks
xα−→Weibull trick

Exp(Z ) random variable
xα−→Weibull(Z−α,

1

α
) rand. variable

Estimator of
1

Z
xα−→ Estimator of Z−αΓ(1 + α)

Unbiased estimator of Z−α:

Ẑ−α =
1

Γ(1 + α)

1

M

M∑
m=1

Wm where {Wm}Mm=1
i.i.d.∼ Weibull(Z−α,

1

α
)

=
1

Γ(1 + α)

1

M

M∑
m=1

e−α(Gm+c) where {Gm}Mm=1
i.i.d.∼ Gumbel(lnZ )

Biased estimator of Z : Ẑ =
(
Ẑ−α

)−1/α
.
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Generalizing the Gumbel trick

Trick g(x) Mean f (Z )

Asymptotic var. of Ẑ

Gumbel − ln x − c lnZ

π2

6 Z 2

Exponential x 1
Z

Z 2

Weibull α xα, α > 0 Z−αΓ(1 + α)

1
α2

(
Γ(1+2α)
Γ(1+α)2 − 1

)
Z 2

Fréchet α xα, α ∈ (−1, 0) Z−αΓ(1 + α)

1
α2

(
Γ(1+2α)
Γ(1+α)2 − 1

)
Z 2

Pareto ex Z
Z−1 for Z > 1

Z2

(Z−2)2

Tail t 1{x>t} e−tZ

(1−e−tZ )2

t2
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Comparing tricks
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Takeaway:
Save up to 40% samples by using the Exponential trick instead of the
Gumbel trick. Applications:

Large-scale discrete sampling of [Chen and Ghahramani, 2016]

A* sampling of [Maddison et al., 2014]
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Low-rank perturbations

Discrete graphical model with n variables: X = X1 × · · · × Xn.

Example
n = 2

x1

x2
0 1 2
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θ13
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+γ1(0) +γ1(1) +γ1(2)

+γ2(0)

+γ2(1)

+γ2(2)

+γ2(3)
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Low-rank perturbations
Discrete graphical model with n variables: X = X1 × · · · × Xn.
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Fréchet and Weibull tricks: lnZ ≤ C (α, n)− 1
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e−αU

]
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Low-rank perturbations
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Also in the paper

Low-rank perturbations with the Frechét, Weibull and Exponential tricks:

1 Clamping never hurts lnZ estimation using any of the Fréchet or
Weibull upper bounds U(α).

2 Sequential samplers for the Gibbs distribution p.

3 Lower bounds lnZ ≥ L(α), where

L(α) := c +
ln Γ(1 + α)

α
− 1

nα
lnE [exp (−nαL)] .

4 Advantages of the Gumbel trick: theory such as

(U(0)− lnZ )︸ ︷︷ ︸
error in lnZ bound

+ KL(x∗ ‖ p)︸ ︷︷ ︸
sampling error

= Eγi [γi (x
∗
i )]− H(x∗)︸ ︷︷ ︸

error in entropy estimation

.
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